
Topic 2-EstorderLinear

ODEs



A linear first order
ODE is an

equation of the form

a
, (x)y + a . (x)y

= g(x)

If we are considering an
interval I

where

a
,
(x) + 0 for any X in

I then we

can
divide through by a

,
(x) to get

y + a(x)y = b(x)
g(x)

where a(x)
=
) and bax) = x)

a , (x)

This is the type of equation
that

we will
consider for

now.



↑

Suppose we have a linear

first order ODE of the form

a(xy= b(x)(A) ↑a(x) and b(x)
are

where interval I.
continuous on an open

this
Let's solve

suppose P(X) solvesT
(H) un -

That is ,x+ a(x)p(x) =b(x)(=
2x
,

for all X
in F. A(x) = X

Let A(x)beau
derivative

·.Alex



A(x) to get :
Multiply (** ) by a

A(x)b(x)
eA(x(q((x) + a(x)q(x)

= e

This gives (by
the product rule (fg)

' = +y +y't)

I A(x)b(x) &(e**q(x)) = e integrate

Let B(x)
be an

anti-deriva
side

I . WI

of eA(b(x)
on respect

if to

and only if

tiveIbothThen o solves (A) on
I

X

C

et(x)p(x) =
B(x) +

where C is some
constant.

if

So
,
4 selves (* )

On
I

and only
if

- A(x)
- A(x)

+ Ce

q(x) =
B(x)e



Since all the steps above

are reversable
sinze CA(x)0

have found
We know we

solution to
(4).

the general
#



Ex: Solve
1
+ 2xY = XY W
~ b(x) = X
a(x) = 2x

on I = ( - a, d) .&

2

#1 ! A(x) = (2xdx = X

Multiply by e
*'
= e

* to get
2

2 X
X

x y(x) + 2xey(x)
= Xe

C

#:Undethe productde
in

2

/ X
2

(e y(x)) = xe

#3 : Integrate
both side

to get :



2

2

X te
*
+ C

e-y(x) =-
↑

Sxe*dy E Sedu U
2

u= XCO = Ee + C

du= 2x↓Y = tec
Edu = Xdx

&4 :
- X
2

Thus
,
y =

+ Ce

for some
constant

C.

#



Ex : Let's solve
-

cos(x)y =
Sin(x)cos(x)

/ -
Y +~ b(x) = sin(x)cos(x)

a(x) = cos(X)

on I
= ( - x, p)

Step 1 : Let
A(x) = sin(x)

.

-

Then A(x)
= cos(x)

= a(x) *
A(x)
-
sin(x)

Multiply be
e

We get sin(x)y(x) =
esin(xyx + cos(X)e Sin(x)

sin(x)cos(X) e

:Undetheproduct
a

I
sin(X)

( e
sin(Xy(x)) = sin(x)(s(x)e



#3 : Integrate both sides .

sin(x) Sink
esir(y(x) = sin(x)e -

-
-

↑

sin(x1dx
Ssin(x)crs(x)e

I dv =
etdt

u=
t
v = et

du = It⑳
Step 4 : Thus,

- sin(x)-

y
= sin(x)

- 1 + Ce

where
C is some constant.

#



Ex: Consider the equation

xy + y = 3x + 1

on I = (0, 1)
.

Since XO
on
I we can divide by x

to get

3x+
y + ky =-
-

a(x) b(x)

Step 1 : Let A(x)
= In(x).

-

Ax) = *
for all

x
in F.

Then , A(x)
=
e(n(x) = x to get

Multiply by e

xy + y =
3x+ 1

#2:
Undo the product

rule to get

(xy) = 3x + 1



Step3 : Integrate
both sides to yet

xy
= S(3x + 1)dx = Ex +

x +
C

4: Thus,

y
= yx+ 1 + =

Where C is a
constant.

-



Ex : Solve
-

xy + y = 3x + 1

y(1) = 2

on I = (0, 1)

From above we
know y

= x + +=

Plugging in y
(1) = 2 we get

2 = y()
= f(x)+ 1 +T

So,

2 =
+ C

Thus ,
↓

c = 4

Thus
,

y = yx+ 1 + z


